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CONSISTENCY RESULTS
CONCERNING SUPERCOMPACTNESS
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TELIS K. MENAS(!)

ABSTRACT. A general framework for proving relative consistency results
with regard to supercompactness is developed. Within this framework we prove
the relative consistency of the assertion that every set is ordinal definable with
the statement asserting the existence of a supercompact cardinal. We also gener-
alize Easton’s theorem; the new element in our result is that our forcing condi-
tions preserve supercompactness.

Introduction. The framework for our results is “backward Easton forcing™:
forcing conditions are constructed in the ground model by an iteration similar to
the iteration described in the Solovay-Tennenbaum paper [12], the essential dif-
ference being that at the limit stages of the construction one takes the inverse
limit (instead of the direct limit) of the conditions constructed at the previous
stages. Backward Easton forcing is independent from large cardinal theory.
Indeed, large cardinals are mentioned only in the latter part of this paper.

The concept of supercompactness is due to Solovay [7]. We shall need only
the most elementary facts concerning supercompact cardinals, which we provide
in §0.

The essential idea of the backward Easton forcing constructions is probably
due to R. Jensen [unpublished, 1965]. A few years later and independently of
Jensen’s work, F. Tall used similar constructions to obtain the consistency of
various conjectures in topology [14]. J. Silver realized the importance of these
methods to the theory of large cardinals, and he refined and extended them to a
method, to which we refer as the “Silver forcing method”, for preserving certain
large cardinal properties in suitable Cohen extensions. By this method Silver

Received by the editors September 9, 1974.

AMS (MOS) subject classifications (1970). Primary 02KO0S, 02K35,

Key words and phrases. Large cardinals, backward Easton forcing, ordinal definability,
supercompactness.

(1) This paper is essentially Chapter 4 of the author’s thesis titled On strong compact-
ness and supercompactness written under the supervision of Dr. Robert Solovay to whom the
author is grateful. Parts of this work were supported by an NSF Fellowship and by the NSF
Grant GP-33951.

61 Copyright © 1976, American Math ical Soclety



62 T. K. MENAS

obtained the consistency of the failure of the G. C. H. at a measurable cardinal [11].

The essential ideas of backward Easton forcing are incorporated in condi-
tions II and IV of our notion of a very fine system and in Proposition 11 and
Corollary 12. Silver’s ideas are incorporated in condition III of a very fine system,
in the generality of Proposition 11 and its corollary, and in a technique employed
in the lemma of Theorem 18.

In §0 of this paper we record a few of our conventions (the rest are dealt
with as they are needed) and state some facts about supercompact cardinals.

§1 is devoted to an abstract development of the Silver forcing method which
incorporates and extends the key ideas stated by Silver in a brief mimeographed
account distributed in the summer of 1971.

§2 contains the two main theorems stated above and related results.

0. ZF is Zermelo-Fraenkel] set theory and ZFC is ZF plus the axiom of
choice. We shall consider only standard models of ZFC. Let M be a model of
ZFC and 7(v, . . . , v,) a “term” of ZFC. Define @(vy, . .., V,¥,,) to be the
formula “r(v,, . . .,¥,) =v,,,” of ZF. Then for xy, . .., X,, X, 4, in M, we
say that “in M, 7(xg, ..., x,) =X, " or “M E 1(xg, ..., X,) =X, 4" to
mean that M  o(x,, . . ., X,,X,, ;). Sometimes when we are not working in
M, we write “x, ; = 7M(xp, ..., x,)" for “ME 1(xg, .. ., X,) =X,

If A and B are sets, 4B is the set of all functions with domain 4 and range
a subset of B. For f€4B and W C 4, f[W] = {x: Qy € W)(f(y) =x)}. p(4)
is the set of all subsets of A unless otherwise stated. If A is a cardinal, we say
that 4 is closed under A-sequences if every function from A into 4 is in 4.

Small Greek letters almost always denote ordinals. Exceptions are clearly
stated. Cardinals are initial or finite ordinals and are usually denoted by the let-
ters “k™, “v” and “N\”. If 4 is a set, |A| is the cardinality of 4. The term “car-
dinal” is generally reserved for infinite cardinals. If k and A are cardinals, p, A is
the set of all subsets of A of cardinality less than &, k* = k|, and A" =
IU{*A: a <k}|. We reserve the term “inaccessible” for strongly inaccessible cardinals.

A two-valued measure u: p(X) — 2 on a nonempty set X is k-additive if for
every @ <« and f: @ = p(X) so that u(f(8)) = 1 for every B < a, u(\g<q F(8))
=1.

Let u be a two-valued measure on p,A. u is normal if

(i) w is k-additive.
(i) Foralla<\, p{xE€p A a€x})=1.
(iii) For every function f from p, A into A, if

u(ix €p\: ) Exp) =1,

then for some a <A,
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u(lx Ep\: f(x) =) = 1.

Kk is A-supercompact if there is a normal measure on p, A and k is supercompact
if it is A-supercompact for all A = k.

We assume that the reader is familiar with the elementary ultrapower tech-
niques. If u is an N, -additive measure on a set X, “j: V>M = VX u” will
always mean that j is the canonical elementary embedding of the universe into the
transitive collapse M of the ultrapower of the universe with respect to u. We
sometimes denote M by “j(V)”. We also refer to j as “the elementary embed-
ding associated with u”. All elementary embeddings will be assumed to be with
respect to the e-relation.

Let u be a normal measure on p, A e}‘nd A VoM =~ Vp"hlu. By a
theorem of Solovay, M, is closed under A¥-sequences and j,(k) >\ [7]. If fisa
function with domain p, A, Tf1* will always be the element of M, that corre-
sponds to the equivalence class of f with respect to u. We omit the “u” when no
confusion results. If ¢ is in M,, {c,; x € p, N will be some function such that
Wc,;x €p,N)' =c. Suppose k <v <\ and q: p,A - p,v is such that g(x) =
x Ny for every x € p,\. Then the measure q,(u) defined on p,v so that for
every subset 4 of p,v, q,(W)(4) = 1 iff u({x € p,\: q(x) € A}) = 1, is a normal
measure on p, v and is said to be the projection of u on p,v. It is not difficult
to prove that for every subset 4 of p, v, q,(u)(4) = 1 iff j, [v] €/,(4). Let
Jpr VoM, =~ Vp""/q*(p). Then there is an elementary embedding k: M,, > M,
such that k o j, =j,. In fact, for every f: p v > V,

KAy = 110 g1k,

1. On the Silver forcing method. The reader is expected to know in detail
the papers of Scott and Solovay on Boolean-valued models of set theory [8] and
of Solovay and Tennenbaum on iterated Cohen extensions [12].

This section bristles with notational conventions so that no part is intelligible
without a perusal of its predecessors. Subsection 1 concerns two-stage extensions,
and subsection 2 concerns limit stages. Subsection 3 is devoted to properties of
a very fine system. In subsection 4 we show how to preserve the axioms of ZFC
in forcing with suitable classes of conditions.

Subsection 1. Two-stage extensions. If R is any partially ordered set, Py
will be the underlying set and <, will be the partial ordering on Py, ie.,R =
(PR ; Sp). We require that < be so that for every x and y in PR if x <R y and
y <R x, then x = y. Two elements p and r of I; are incompatible iff there is no
s in PR so that s <R pand s <R r. R is separative if for every p and g in P, ,
either ¢ <R p or there is an r in PR so that r < ¢ and r is incompatible with p.
If R has a greatest element, it is unique and will be denoted by “ IR ”,
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Suppose P is a partially ordered set and A is an ordinal. P is A-closed if
for every descending A-sequence {p,; a <A\)in P (ie., Pg<,p, foralla <
B<A),thereisap in P, such that p < pPa for all a < A. P is Adirected closed
if for every directed A-sequence (p_; a« <N\ in P (i.., for every @ < <, there
is a ¥y <A such that p, <Ppa and p, <P pp) there isa p in PP such that p <P
P, for all @ <A.

If C is a Boolean algebra “B.” will denote the underlying set and “-I-C ”,
. C”, and “—C” will denote the Boolean operations of join, meet, and comple-
ment respectively. 0 ¢ and 1 ¢ will be the zero and unit elements of C and < ¢ will
be the relation on B, defined so that for 4, and 4, in BC 8y < a, iffay -
(@) = OC. If C is complete, EC and l'lc will be the infinite join and the infinite
meet, respectively.

Let B and C be complete Boolean algebras, and i a complete embedding of
B into C. The projection m of C on B with respect to i is the map from BC into
By defined so that n(c) = l'l8 e Bg:e<, i(b)} for all ¢ in B(, .

Now suppose that B is a complete Boolean algebra and that P C BB isa
dense subset of B (ie., 0B ¢ P and for every b € BB’ ifb # 08, thereisap €P
so that p < Bb). Then P = (P; <g I' P)is a separative partially ordered set.
Conversely, if R is a separative partially ordered set, there is a canonical complete
Boolean algebra B(R) and a mapping [ ]: R = B(R) so that the set P11 =
{[r]: r € Py} is a dense subset of B(R) and [ ] gives an isomorphism of R with
the partially ordered set ([P, ]; <g(p) I [P, ]

We now describe [ ] and B(R). For p €P,, let [r] = {4 €P,:q<,p}
We work with the topology 7 on I; generated by the family {[p]: p € PR }.

Bg gy is the set of all regular open subsets of Py, . [See Halmos [2] for the rele-
vant topological and Boolean algebra concepts.] With respect to 7, a subset b of
P is regular open iff (vp € b)vq EPR ). <R p>q€b)and (Vp €EFR)

((vq <z 121€14 <z q)(r €b) > p €b). For b,, b, € Bg(r)s bo *B(r) b1 =Dy
Nby, by +p(py by = {PEP: (Vg <p P)3r <z q)(rEby U b,)}, —a()Po =
{peP,: (vq <z p)q € by)}, and b, <p(r) by iff by Cb;.

ConNveNTION X. Henceforth we reserve the term “poset™ for any separative
partially ordered set with a greatest element. If P, is a poset, where i is any sub-
script, we let P, <;, By, By, *y, +;, =, 0, and 1;, be Pp,, <p,, B(P)), By(p,),
*B(Pp» TB(P)» —B(P)> OB(P))» 30d 1p(p,) Tespectively. We also use “<;” to
denote the relation <B(P1) and omit the brackets from “[p]” for all p € Pp v

Now suppose that C is a complete Boolean algebra and that P is a dense
subset of C so that 1, € P. We have noted that P = (P; <. I P) is a poset.
There is a unique isomorphism e: B(P) = C such that e(p) =p forall p EP.

If B is a complete Boolean algebra, () will be the separated Boolean
valued universe and the maps V> V® and *: ¥B) » ¥ will be as in [12].

13
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If ¢(vgy, . . ., v,) is a formula of ZF and x,, . . . , x,, are elements of y(®),
l¢(xg, - - - » x,)I(B) is the Boolean value of the statement ¢(x,, . . . , X,). The
superscript ““(B)” will be omitted whenever possible. Also whenever we say that
in V& ¢(x,, . ..,x,) or that V(B [ ¢(x,, . ..,x,), we mean that

I$Cxg, - - -, X MIE) = 14.

If u and v are sets such that v C V(B) and f is a function from u into v, f* will
be the unique element of V(8) so that

1z = lIf* is a function with domain 2)|(8)

and for every x € u, || f*(%) = f()IB) = 1g.

Suppose that B is a complete Boolean algebra and that in V(B), D is a com-
plete Boolean algebra. It is shown in [12] that ¥ = (ﬁv; '?-v s %9, =p) is a com-
plete Boolean algebra and that there is a canonical complete embedding iz, of B
into D so that for all b € By, lligy (®) = 1,1l =b and lligy () =0yl = ‘Bb

Letibe iy, and let 7 be the pro;ectxon of ¥ on B with respect to i. We
recall two important facts of [12].

0. PROPOSITION. For every b € By and for every x € B'ﬁ, n(i(b) « x) =
ib) * n(x).

1. PROPOSITION. For every b € By and x, y € By, i(b) 5 X <3 i(b) P4
o <glx<yyl.

2. PROPOSITION. For every x € B, n(x) = ||x # OD Il

Proor. By Proposition 1, i(llx = 0y ]} *5 x = 0 . Then x <5 i(llx # 0, Il),
since ||x = Ov | = —Bllx #0pll.

Suppose x < i(b). Then llx # 0, Il < lli(b) # O, ll.and since [li(6) # O, |
=b,i(lx £0,l) <gb. O

3. PROPOSITION. Suppose that in V<8, P is a dense subset of D. Then the
set {i(b) 5 P b eli}3 , b ¢OB,andp Gﬁ} is a dense subset of .

ProoF. First note that if p € Pandbe BB so that b # 0B , then i(b) ]
p # 0. This follows from the fact that |Ip # 0,1l =15 and from the fact that
by Proposition 2, 1r(i(b) gP)=b g llp#0,ll=b.

Suppose x € B s0 that x # 0. Then 0 <gb=llx#0, Il Since v®
F@#0, >@p EP)(p <, x)), there is apePw1th llx # 0 II <g llp <, xll.
By Proposmon 1, 1(b) =D < ib) - 3 X, and by Proposition 2 z(b) '-5 x= x O

Now let P, be a poset and let Pl be a poset in V(B(Po)), Let i be
'B(Po)B(Pl)’ and let 7 be the projection of B(Pl) on B(P,) associated with i
Define P, ® P, ={ue Bl (Bp€P)(3qE P D= i(p) * 1 @)}. We abbreviate
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“i(p) *; q” to “i(p)q” when no confusion seems likely. Proposition 4 will show
that the representation of u € P, ® P, as i(p) *, q is not in general unique; that
is, it is possible that for a g’ € ﬁl distinct fromq, u = i(p) *; q =i(p) *, q'-
However the p is unique. For i(py)q, and i(p,)q, in P, ® P, set i(pg)a,
<po@pl i(p,)a, iff i(py)q, %1 i(p,)q,. Then the set P, ® Py = (P, §Pl;
<Po g, is a poset in our sense of the word with greatest element i(1p 0)1"1 .

By Proposition 3, Py ® P, is a dense subset of B;. There is a unique iso-
morphism e: B(P,, ® Py~ gl so that for every i(p)q € P, ® P, e(i(p)g) =
i(p)q.

4. PROPOSITION. For every i(py)q, and i(p,)q, in Py ® Py, i(py)d,
<po& P i(p1)4q, iff o <o Py and py <4 lgg <4 44l

ProoOF. Suppose ¢y, ¢, Gﬁl are such that [lc, # 0l = lle; # 0,1l = 1,.
Let by, by €B,.

Suppose that i(bo) %, ¢o <, i(by) %, ¢;. Then i(bg *o —oby) %) €o = 0y
By Proposition 2, m(cy) = 15. So by g —oby = 0 and by <, b,. Then i(b,)
% ¢ %1 i(by) *, ¢,, and by Proposition 1, by <, llcy <; ¢,ll. Conversely one
may check that if by <, by and by < licy <; ¢,1l, then i(bg) %) ¢o <y i)
%, ¢;. Note that m(i(by) *; ¢o) = by *¢ m(cy) = by-

The proposition now follows from the fact that (vq € ﬁ‘)(llq #0,ll=
l,). O

We now digress (up to Proposition 5) to consider the special case when we
are working with Godel-Bernays class-set theory and the “poset” P, is a proper
Boolean valued class of v (80 The operation ® as defined above will no longer
work because we can not form B(P,) in V(80 However we will consider a simi-
lar operation, denote it by “®” also, and show that Proposition 4 holds for this
new construction.

Let U be the I7-generic subset of 150 defined so that for every x € Py,
I € Ull =x and ||% ¢ Ull = () . Select an element a of V<50 5o that
lla € Pyll = 0. In V%) define P¥ = (P}, <*) 50 that P} = P, U {a} and for
everyx, yEP},x<yiffx=aorx#a,y #a,andx<; y. In V(Bo), Pt is
a partially ordered class with least element a. In V(B°) define f: j;o x P, -+ P¥
so that (vx Gﬁo)(vy €P)(flx,y) =y if x €U and f(x, y) = a if x ¢ U).

Let Py 8 P, = {x € V(®0): 3p € Pj3g € B, so that 15 = IIf(3, q) = xl}.
For py, p, € Py and q,, q, Eﬁp set f(i;o» 40) <PO&P1 f(isp ql) iff "f(!so: 40)
<t f(Py, a )N = 1. This holds iff py < p; and py <p gy <; q,ll- Let Py
® P, =(P, BP;; <p,&p,)- Cleaty if Py is a set in v (0) then P ® P,
with respect to the former ®-operation is isomorphic to Po ® P, with respect to
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this latter @-operation. For this revised §-Operation the map that sends p € P,
into f(P, 1, ) is an embedding of P, into Py & P,. Proposition 6 will hold for
both versions of & and for the case when P, is a class of y(Bo),

5. PROPOSITION. (i) Suppose P, is A-closed and in VBP0 p s
Aclosed. Then Py & P, is Mclosed.

(ii) Suppose P, is \directed closed and in y & (P"», P, is Adirected
closed. Then Py & P, is Mdirected closed.

ProoF. (i) Let (i(p,)q,; @ <X) be a descending sequence in P, ® P,.
By Proposition 4, (p,; @ <) is a A-descending sequence in Py. There is a
p € Py with p < p, for all a <A. Since for a <B <A, pg <4 llgg < qall,

P o 1€q,; @ <N* is a descending )\-sequence in P,ll. Hence thereisaq € P
such that p <, llg <; q,ll for all @ <A. Then i(p)q <,,0§ P i(p,)q, for all
a<A.

(i) Let (i(p,)q,; @ <M be a Adirected sequence in Py ® P,. Then (p,;
a <N is a Adirected sequence in Py, and there is a p € P, so that P <, p,, for
every a <A.

For @ <f <A, there is ay <A so that p lla, <, 9, and q,, <, qnll
Then p € IKg; e <N*isa Adirected sequence in P,||. Thereisaq € Pl such
that p <, llg <q,ll for all @ <X. Hence i(p)q <P05 P i(p,)a, foralla<A.O

The following observation concerning the proof of part (i) will be needed
in Subcase II' of the proof of Proposition 10. Namely, for any p in P, so that
P <y P, for all @ <A there is a q in Pl so that i(p)q <po® P 1(pa)qa for all
@ <A. In other words, if (r,; @ <N\ is a descending sequence in P, ® P, and
P € P, isso that p <, 1r(ra) for all @ <, then there is an r € Py ® P, so that
n(r)=pandr <,,°5 P Ta for all a <A.

In closing this subsection we mention an analogue of the “product lemma”.
The proof and the definitions of some of the concepts involved are to be found
in [3].

Let M be a countable standard model of ZFC and in M, let P be a poset
and B(P) the canonical complete Boolean algebra associated with P. Suppose
that G is an M-generic subset of P. Then U(G) = {b € Bg(py: (3p € G)X(p € b)}
is an M-generic ultrafilter on B(P). Conversely, if U is an M-generic ultrafilter on
B(P), G(U) = {p €P,: p €U} is an M-generic subset of P.

If U is an M-generic ultrafilter on B(P), i, will be the interpretation of
MB(P) with respect to U. i, has the property that for all x € MB(P, iy (x) =
{iy(): y € ME®) and ||y € x|l € U}.
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Suppose that the discussion concerning P, and P, took place in M.

6. PROPOSITION. (i) Let G, be an M-generic subset of P, and G, an
M[G,]-generic subset of iy 0)(133)' Then G = {i(p)q: p € Gy and iy g o)(q) €
G,} is an M-generic subset of P, ® P,.

(i) Let G be an M-generic subset of P, ® P,. Then G, = {p € Py; i(p)1,
€ G} is an M-generic subset of Py. G, = {iv(64)@): {(10)q € G} is an M[G,]-
generic subset of iy )(Py)-

Subsection 2. Limit stages.

7A. DEFINITION. Let P and R be posets. A map i from B(P) into B(R) is
fine iff the following conditions obtain.

L. iis a complete embedding of B(P) into B(R) so that i[P,] C Pg.

IL. If m is the projection of B(R) on B(P) associated with i, then n[P, ] =
B

IIl. If p €P, and q € P, are so that q¢ <, m(p), then i(q) ‘B(r) P EF.

Note that if i is a fine map from B(P) into B(R), then since P is a dense
subset of B(P) and i is complete, the values of i on B(P) are uniquely determined
by its values on P.

REMARK (SoLovAay). The composition of fine maps is fine. For suppose
that Py, P,, and P, are posets and that i,,: B, = B, and i;,: B, - B, are
fine maps. Let m,,: B, = B, be the projection with respect to i;, and m,4: B,
= By, the projection with respect to iy, . Set iy, =i;, iy ,and let myy: B, > By be
the projection with respect to iy,. We show that i,, is a fine map. Condition I
is obvious and condition II follows easily from the fact that m,q = m,4 o m,,. To
check for condition III, let p € P, and q € P, be so that ¢ <, m,4(p). Since iy,
and i, are fine, iy,(q) *y m,,(P) € Py and i;,(iy1(q) *; m,,(P)) *, P EP,. But
i12(i01(@) *y ™21 (D)) 5 P =145(q) *3 i12(m3,(P)) *, P, Which is equal to ip,(q)
*, p since p <, i;,(m,,(p)) by the definition of m,,.

7B. DEFINITION. Let x be a nonempty class of ordinals. A sequence of
posets (PB; B € x) and a sequence of maps (i 5;7, 8 € x and ¥ < §) constitute a
fine x-system iff for all , 6, and 1 in x so that y <& < :

(a) i, is a fine map from B, into By, and i, is the identity.

(b) iyy =i5q° iys.

We now consider three methods for extending the fine x-system (Pg; B € x)
and (i, 5;7 <& and 7,8 €x). For simplicity we assume that x = for some
ordinal @ > 0. For y <& <a, let m5,, be the projection of B; on B,, with respect
to i 5.
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Suppose that @ = § + 1 and that in V(B R is a poset. Let Pu=Pg ®R,
e: B(P,) - B(R) the canonical isomorphism, and set ig, =€~ o ig sB(R)" For
v <B, let i,, = igy © i, and for y =, let i, be the identity restricted to B,.
It is easy to check that the two pairs (Pg; f <a + D and (i 53y <& <a+ D)
constitute a fine @ + 1-system.

Now suppose that a is a limit ordinal. We will show that by letting P, be
the direct limit of (Pg; B < &) with respect to the embeddings (i,5 I P,; ¥ <6 <a)
or the inverse limit of (Pg; B < o with respect to the poset homomorphisms
s, I P53y <8 <a), we can extend the above a-system to a fine & + 1-system.

8. PROPOSITION. Let P, be the direct limit of the posets (Pg; B < o) with
respect to the embeddings (i, 5  P,;y <8 <a). For every B < a, the canonical
monomorphism of Py into P, extends to a (unique) fine map ig, from B(Pp)
into B(P,) so that the pair (Pg; B < &) and (i,.5; 7 <5 < a) constitute a fine
o + lsystem.

ProOF. We first recall the direct limit construction. Without loss of gener-
ality assume that the Pg’s for § < « are disjoint.

Forx,yeU g<a Pg» let o(x) be the unique n < a such that x € P, and
define x ~ y iff 38 = max(o(x), o(¥))ig(xys (¥) = ig(y)s(¥). ~ is an equiva-
lence relation. Let P, be the set of equivalence classes and for x € UB<¢: Pg,
let Tx1 be the equivalence class of x. For 'x, Ty! €P_, let Tx1 <yl iff
(38 = max(a(x), o(PNNi; ()5 (X) S5 i5(y)s(¥))- Set Py = (Po; ;). The reader
should verify that P, is a poset in the sense of Convention X. For  <a, the
canonical monomorphism from Pﬂ into P, is the function that maps every ele-
ment of Py into its equivalence class.

A routine check establishes that for § < a the map ig,: B(Pg) - B(P,)
defined fora € By by ig (@) = {'p': P € U7<a P, and (38 = o(P)Niy(p)s(P)
< igs(@))} is a complete embedding extending the canonical monomorphism
from Py into P,. [Note: one first shows that ig,(a) is regular open and then
that ig,(—ga) = —, ig,(a). It is obvious that iﬂa(ﬂm a,) = n,,<,, igo(ay)
for any sequence {a,; 7 <v) of elements of BB‘]

Note that for §, y <a and a € By,

a ify=8,
Tay(ipa(@) = Jig, (@) if y> B,
g, (@) ify <B.

Fix p <a. To see that iy, is fine note that property II (of a fine map) of

igo follows from the preceding remark and from properties I and II of the i 4 ’s
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for y <& <a. Property III follows from the same property of the iys’s for
y<é<a. O

We remark without proof that in the above construction, B(P,) is isomor-
phic to the completion of the direct limit of the Boolean algebras (B(Pg); B <
with respect to the embeddings (iys37<s<a)

Let us now consider the inverse limit construction. Define P, = {f€
Mg<o Pg: 1187(1"(8)) =f(y) forally <8 <a}. ForfandginP,, set f <, g iff
f(B) <z g(B) for every B <a. The inverse limit of the posets (Pg; § < a) with
respect to the poset homomorphisms (rg., I Pg;y <& < a)is the partially ordered
set P, = (P,; ).

The following property of P, is needed in the proof of Proposition 9 and in
the proof that P, is separative.

Fix f <a. Let fE€P, and q € Py be so that ¢ <g f(6). Then there is a
8EP, so that g <, fand g(f) = q. g is defined so that for y <a

()= T5() if y <8.
V@ - f) iEr>8.

To see that g € P, fix y <6 <a. If § <, then m;,(8(8)) = &(y). If
7 2 B, then 7757(ips(‘1) 5 f(0)) = ipy(‘l) “y "Sy(f(a)) = im(‘l) “y (). fr<
B <&, use the fact that Mgy = Mgy © Msp- Clearly g <, fand g(f) = q.

We now show that P, is separative. Let f,, f; € P, be so that f; &, fo.
Then there is a § < a so that f, (f) ¢p fo(B). Since PB is separative there is a
q€ Pp so that q ) f1(B) and q is incompatible with f,(6). Let g € P, be so
that g <, f, and g(f) = q. Then g is incompatible with f,.

9. PROPOSITION. For every § < a, there is a canonical fine map iy, from
B(Pp) into B(P,) so that the sequences (Pg; B < &) and G537 <8 <o) forma
fine o + 1-system.

ProoF. Fixf <a. Define ig,: B( Pg) - B(P,) so that for a € By, ig,(a) =
{f€P,: f(p) €a}. It is routine to check that Iga [PB] C P,. We show that it is
a complete embedding.

To see that ig,(a) is regular open first note that it is open. Then let fE P,
be so that (Vg <, f)(3h <, g)(h(P) € a). Suppose that q € Py is so that ¢ <
J(B). By the property we established for P,, there is a g € P, so that g <, f and
8(B) = q. So there is an h € P, with h <, g and h(f) € a. Since a is regular
open, it follows that f(8) € a and hence that f € iz, (a).

One shows that ig,(—4 @) = — ig,(a) by the same method. It is obvious
that iﬁa(ﬂnq ay) = ﬂ,,<,, igo(ay). This suffices to prove that ig, is a complete
embedding.
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Note that for f € P, m,5(f) = f(B). So iz, has property II of a fine map.
For property III, let f € P, and q <ﬂ f(B). Define g € P, so that g(8) = q and
8(7) =ig,(q) +, f(y) forall <y <ea. Thenig,(q) o f=g O

In an unpublished paper concerning Suslin’s hypothesis Jensen considers a
construction for forcing conditions at a limit stage similar to the inverse limit con-
struction defined above. Stephen Simpson inquired whether the two construc-
tions are essentially equivalent.

Let us consider a precise formulation of the question. We continue to
assume that « is a limit ordinal and that P, is the inverse limit of (Pg; § < @)
with respect to (mg, I P55y <8 <a). Forevery § <a define a poset RB SO
that Pg o = Bg — {0g} and <p, = <g I Pp . Let R, be the inverse limit of (Ry;
B < a) with respect to the homomorphisms s, I Pp 57 < 6 <a). The ques-
tion is whether B(P,) is isomorphic to B(R,). Solovay has shown that this is not
always the case. However, if the Pg’s (for § < @) constitute a very fine system
(to be defined below) and if in addition for every limit stage § < a, P is the
inverse limit of its predecessors, then B(P,) is isomorphic to B(R,).

Subsection 3. Properties of very fine systems. We work with Gédel-Bernays
class-set theory. The reader may translate arguments ostensibly requiring quanti-
fication over classes into proper class-set theory notation.

DEFINITION. A fine system of posets (P,; a an ordinal) and embeddings
(iy55 v < 8) is very fine iff there is a sequence of sets (P, ;57 an ordinal) so
that for every ordinal v, P, , 4 is a poset in V(B‘Y), and the following conditions
obtain.

I. If @ =0, then P, = ({0}; =).

IL fa=pg+1,then P, =P; & Pgg+1- Let e be the canonical isomor-
phism from B, into Bg,. Then iz, =e~! o isﬁgﬁa and for y <B, i, = ig,

° Iyg.

III. If a is an inaccessible cardinal so that for every y <@, |P,., 4| <&in
ye 7), then P, is either the direct limit or the inverse limit of (Pg; B < a, the
former with respect to the embeddings (i r P,; v <& <a)and the latter with
tespect to the homomorphisms (g, I Pg;y <8 <. For every f <, ig, is
the canonical embedding of By into B,,.

IV. If « is a limit ordinal so that either & is not an inaccessible cardinal or
for some y <@, I, ;| >din V), then P, is the inverse limit of (Pg; <
with respect to the homomorphisms (s, I Ps;y <8 <a). Forevery f<a,

Igo is the canonical embedding of Bg into B,.
Condition I is required only for notational convenience. Accordingly if
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v < « are ordinals and x = {#: v < < a}, we sometimes consider the now
obvious concept of a very fine x-system.

Henceforth in this section we work with the very fine system (P,; @ an
ordinal) and (i, ;7 <8). (P, ;7 an ordinal) is as in the definition of a very
fine system, and for vy <§, mg,, is the projection of B, on B, with respect to i, 5.

10. PROPOSITION. Let X be an ordinal so that for every cardinal v, if P,
is the direct limit of its predecessors, then \ <v.

(i) Let a be an ordinal so that for every v < a, vy (P.,,,H is A-
closed). Then P, is \-closed.

(i) Let a be an ordinal so that for every A < a, V(87) | (Pyysr s A
directed closed). Then P, is \directed closed.

PrRoOOF. We only prove part (i) since the proof of part (ii) is essentially
the same.

We show by induction on 7 < « that Pn is A-closed.

Case 1. P, is obviously A-closed.

Case 1. For n = + 1, that P, is A<losed follows from Proposition 4.5
and the induction hypothesis.

Case 111. Suppose that 7 is an inaccessible cardinal and that P, is the direct
limit of its predecessors.

Let (x5; 8 <X be a decreasing sequence in Pn' By our assumption on A,

A < 1. Then there is a ¥y <7 and a decreasing sequence (ps; 8 <\ in P,, so that
i,m(ps) = x5 for all 5§ <A. By the induction hypothesis, there is a p € P, so
that p <, p, for all & <X. Then iyq(P) <, x5 for all 8 <A.

Case IV. Suppose that 7 is a limit ordinal and that Pn is the inverse limit
of its predecessors.

Let (f5; 8 <N\ be a decreasing sequence in P,,. By induction on § <1,
define a5 € Py so that ag <g f5(f) for all 5 <A, and for all 79 <7, <5,
1r7”o(a,“) =a,, and ifi,,o,n(fs('yo)) = f5(y,) for all § <A, then i‘Yo‘n(a‘Yo) =
a,,.

Subcase I'. For f=0,letag =0.

Subcase II'. Suppose f=1v + 1. If fy(y + 1) = L y+1(F5(7) for all 6 <
A letag=1i,,,,(a,). Otherwise, by the proof of Proposition 5 and the induc-
tion hypotheses on 4., there is an ag € Pg so that a5 < fs(p) for all 6 <A and
Mg, (ag) = a,.

Subcase III'. If B is an inaccessible cardinal and Pﬁ is the direct limit of its
predecessors, then as in Case III of this proof, there is a ¥ <f8 and a sequence



CONSISTENCY RESULTS CONCERNING SUPERCOMPACTNESS 73

(Ps; & <N in P, so that i, 5(ps) = f5(P) for all § <A. Setag = iy 6(@,).
Subcase IV'. If B is a limit ordinal and Py is the inverse limit of its prede-
cessors, define ag € Py so that for all ¥ <B, ag(7) = a,. O

11. ProroSITION. Let v> O be an ordinal. For every a > v there is a
set P, so that V& |= (P, is a poset), and P, is isomorphic to P, ® P,,.

PrROOF. We remind the reader of Convention X. By induction on a > v we
will construct the set P,,, three mappings e,, k,, and 7, and for all § so that
v < <a, two sets Jga and Hop SO that the following hold.

L Letx = {fv<f<o}. In ¥V, (P;; g€ x)* and (j,5;7 <8 in )
constitute a very fine X-system. Fory <& inx, p& (15 is the projection
of Bys on B, with respect to j,5). Also if y € x is a limit ordinal, then yBo
k= (P, is the direct limit of its predecessors) or ASDNS (P, is the inverse limit
of its predecessors) according to whether P,, is the direct limit or the inverse limit
of its predecessors respectively.

5 II. For B €x, eg is an isomorphism from B onto %vﬁ so that eg[Pg] =
P, ® P,g. kg is the embedding tiBvﬁ and mg is the associated projection. Let
v <6 be inx. The following diagrams commute.

DIAGRAM A DIAGRAM B

B, —2—3,,

By
fvsl l;;s i,,/ &,’
€s -
Bs -——>§u8 B,— B,,

Note that by Lemma 2 of §5.7 of [12] ,;’:,5 o k., = ks. Note also that the
commutativity of Diagram B follows readily from the commutativity of Diagram
B for ¥y = v + 1 and from the commutativity of Diagram A.

Casel. @« =v + 1. Then P,, has been defined. Let e, be the canonical
isomorphism from B, into B, so that for p €P,, e,(p) = p. Setk, = 18 ,Bya
and let m, be the associated projection.

Case II. =g+ 1 and § > v. By induction hypotheses we have that e
B> Byg= UEUB; '?'vﬁ’ % ,g» g is an isomorphism so that e5[Pg] = P, & P,.
Also P, = P ® Ppa-

As in Lemma 5.3.1 of [12], there is a canonical isomorphism 7 of gvﬁ'
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relational systems from V(gvﬁ) onto W(gvﬁ) , where W(E"p) is essentially yBup)
computed in y @ ”), i.e., the underlying class of W(gv") is the set {x € y &,
y(Ev) EkxE V(Bvﬁ)). Singf, Bg and §u3 are isomorphic by eg, there is a bijec-
tion o from V38 onto W8 o that if b € Bg, ¢(vgs - - - » ¥p) is a formula of
ZF and x, . . . , X, are elements of V(Bﬁ), then

b <lloCg, - . ., x,IEB iff

*
® VB | (eg(b) <,gll8(0(xo), - - - » 0Gx, NIERY.

Since V&P |= (Psa = {Ppa’ <ga? is a poset and By, = B(Pg,)), y &
F (1ys <yp 10(Pga) = €0(Pg,); 0(<g)is a poset and 0(Bge) =
B(o(Pe I ®08).

. (By). P .

Working in V""0": Let Py, = Pyg ® 0(Fy,). Leti= Tp ,50(8 o) and
<*= 0(<g,)- There is a canonical isomorphism e: Bya — 0(Bg, )™ so that for
PEP,,,e(p) =p. Letjg,: B,y — B,, be the map e™!
and u,,, are defined as usual.

Define k, to be tiBw and m, the associated projection.

o i. For 7<a,j7a

We are now ready to define e,. Let u € P,. Then u = iy, (p)q for some
PEPgandg € ﬁﬁa' Let e4(p) = kg(r)s, where r € P, and s EPvB. Then V< ¥
I= (0(q) € o(Pg,)* and s €P,g). Also i(s)o(q) € P,,,. Define e, (u) to be
ko () ((s)0(q)).

We show that e, is well defined and preserves order. Forn <2,letu, €
Py, Uy = i5,(Pp)4qy, and eg(p,) = kg(r,)s, as above.

Suppose uy <, u,. Then py <gp, and py <5 119y <po quI(B"). Also
ro Sprypandrg <, llsp <5 slII(B"). By (*) above in V(B"), kg(ro)se <ug
lo(ae) <* a(@I®o. Since ry <, llkyro)se = oI, then

ro <, 15 Sypllo(@e) <* algIEWPIBY.

Then ry <, 1i(50)0(d0) <yq i(s})a(ql)ll(B”) and k(7o) ((54) 0(40)) < pa
ko (r)(@(s,)0(q,)), ie., e, (ug) < g €4 (1y). .

The chain of implications can be reversed: e, (uy) <, €, ;) implies that
Uy <, Uy.

It is not hard to check that e, is surjective and that the inductive hy-
potheses hold.

Case 1II. a is a limit ordinal and P, is the inverse limit of its predecessors.

In V&Y, let P o be the inverse limit of the posets (P4 v <f < a)*
with respect to the poset homomorphisms (us,, [ P50 <7<8 < a)*. For



CONSISTENCEY RESULTS CONCERNING SUPERCOMPACTNESS 7%

V(B ) and let

Bop be in y©® ”) the canonical projection of B, on B,. Let k, be leBva and
m, the assocmted projection.
Now let u € P, and u(v) = m,u(v) = p. Fix B so that v <p <a. Since by
Diagram B, mg(eg(u(B))) = p, there is a g5 € P vg S0 that egu(B) = kg(p)q,.
Set g = (qgv<Pp<a)* and p=(py,;v<y<8<a)*. Supposeyand
§ are so that v <y < § < a. By Diagram A,

1, = llus,(ks(P)as) = k. (P)a, 18w,

v<fB<aq,let Joa be in the canonical embedding of B mto B

va?

B .
But 1, = llus., (k5 (P)a5) = ky(P)ﬂsy(‘Is)ll( v)a since

1, = lliy5(k, @) = ks (I V.

“( 8

So p <, s, @5) = 4, 1. 1t follows that

<, vy, 8)0 <7 <8 <a)— q(r) = u(n) = p5 (gD,

Define a function U from év into B, so that for b € B, U(I;) =b. Then in
v®, U is an ultrafilter on B,; and for b € B, lIb € Ul| =

In VY, define £ € P,,, s0 that for every § with b << &,7(8) = 15 if
PEUand f(B) = qB) if p EU. Set e, (u) = k (p)f.

To show that e, is well defined and preserves order, forn <2 let u, €P,
and let p,, q " forv<p<a,and q" and f" satisfy the obvious conditions.

Suppose ug <, uy and fix f so that v < <a. Then py <, p, and py <
llql3 <vﬁ qﬂ]l Since forn<2,p, = IIP,, evls, f, (ﬂ) q" it follows that
Po <, 1foB) <5 1. Hence py <, 11y <yq f, Il and ka(po)fo

a(p l) 1°

The converse implications also hold and show that e, is injective and that
e, (ugy) < ve €o(Uy) implies that uy <, u,.

To prove that e, is surjective, let k,(p)f € P ® P,,. Thereisanx €
M,<p<q P g 50 that for all g with v << a, llf(ﬁ) = x(ﬁ)ll =1,. Define u €
Mg<q Pg so that for f<a

u@p) =

y5(P) if<v,
&5 (kg(D)X(E)  if §> .

An easy check using Diagrams A and B and the fact that forv <y <§ <
o v5 © ky = ks, establishes that u € P,. Then e (u) = k(p)f.

Routine arguments show that the inductive hypotheses hold.

Case IV. a is an inaccessible cardinal and P, is the direct limit of its prede-
Cessors.
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For the first time we make use of the fact that for every y < a, V(B’f) E
{ P.n,“l < &). An easy induction on y < a shows that IB.,I < a. In particular
IB,| < a.

In V(B”), let P, be the direct limit of the posets (Pv‘,; v < B <a)* with
respect to the embeddings Gys T P.,; v<y<8§<a). Forfsothatv<pf<a,
let jg, be in v the canonical embedding of B,; into B,,, and let py4 be in
V8 the canonical projection of B, on Bz. Let k, be iz 5 and m, the
associated projection. o

Let u € P, and let n be an ordinal greater than v so that there is an x € Pn
with i, o(x) = u. Set e,(u) = [ (e, (X))

A check using Diagram A establishes that e, is well defined and preserves
order. That e, is injective is also routine.

To show the surjectivity of e,, let k,(p)z € P, ® P,,. Then

1, =3B E &) (3 EPB)((B)(q) = 2B,

where j = (jgo; v <B<a)* and P =(Pg,; v <p<a)*.
For 8so that v << a, let

£(8) =3 q € P®) (i(B) (@) = IBY.

Then for v <7y <8 <a, g(7) <, 8®). Since |B,| <a, there is a § < a so that
g(B) = 1,. It follows that there isa g € P,z with fﬁa(q) = z. Then

ea(iga(eg ' (k5(P)Q))) = ko(P)z.
Routine arguments show that the inductive hypotheses hold. O

12. COROLLARY. Let A and a > v > 0 be ordinals so that for every car-
dinal v with a 2 v > v, if P, is the direct limit of its predecessors, then X < v.
Suppose that for every § = v with § < a, PBB +1 I8 A-closed in V(BB). Then the
P, constructed in the proof of 11 has the additional property that in y @ ”),
Py I8 A-closed. A similar statement is true for \directed closure.

ProoF. First note that if v is a cardinal so that &« = v > v and so that in
y® ”), P,, is the direct limit of its predecessors, then A <.

Now fix f = v so that § < a. If 8 = v, then by assumption, V(B v) E
(P,p+1 is A-closed). Suppose that > v. Consider Case II in the proof of Propo-
sition 10. We have o: V&V s (8 ”5)”, and in V(B”), Pw.LB 1 )= Pos ® o(Pag+1)-
Since by assumption y(&s = (Pgg+1 is A-closed), then in V™7, P (Bug) E
(U(Ppp+ 1) is 7\-closed). [Note. 06\) =X in the appropriate sense.]

Apply Proposition 10 to (P, v <f<a)* in y®) g
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A few remarks on homogeneity will simplify some of our proofs in the
next section.

A poset P is homogeneous if for every p and q in Pp, there is an auto-
morphism ¢ of P such that ¢(p) and q are compatible. Every automorphism ¢
of P “extends” in the obvious sense to an automorphism of B(P) and generates
an automorphism of ¥(B(P)_ both of which will also be denoted by “0”. If P
is homogeneous, then the zero and the unit elements are the only elements of
B(P) that are invariant under all automorphisms of B(P). It follows that if
é(vos - - - »V,) is a formula of ZF and x,, . . ., x,, are elements of ¥, then
Gy, - - - , X,IBP) s either the unit or the zero element of B(P).

13. PROPOSITION. Let a be an ordinal such that for all B < a, Pgg , is
homogeneous and definable in V(BB) from elements of V. Then P, is homo-
geneous.

PROOF. Leta*, b* €P,. Define functions g, b € llz¢, P, by setting
aB) = m,p(a*) and b(B) = m,5(b*) for all B< . In particular a(a) = a* and
b(e) = b*. We have to construct an automorphism o * of P, and an element d *
of P, so that d* < b* and d* < o *(@*). In fact we shall construct by induc-
tion on § < a, an automorphism o of P‘8 and an element d of Py so that for
Al y<é<pPand p EP

(A) m5,,(05(P)) = 0,(m5.,(P)) and o(is 5(P)) = i5 5(05 (D)),

(B) dg <g 04(a(B)), dg <4 b(B), m5,,(d;) = d,, and if i, 5(a(7)) = a(8) and
iys(®(7)) = b(d), then i ;(d,) = d;.

Case 1. B=0. Let dy = 0 and let g, be the identity restricted to {0}.

Case 1. f=n + 1. Note that 0,(Pp 1) = Ppq4q because Py, is by
hypothesis definable in ¥®1) from elements of V.

If iy g(a(n)) = a(B) and i, z(B(n)) = b(B), let dg = i6(dy), and set
05(i,6(P)q) = ipg(0,(P))o,(q) forallp €P andq €P, .

Otherwise suppose that a(B) = i, 5(a(n))q, and that b() = ing(®(M)q,,

where g4, ¢, €P .. Since P, is homogeneous in ¥ Bn) thereisa r

that is in ¥ an automorphism of P, . ; such that
(3 q ePnn+l) (q <nn+l 7(0,(40)) Aq Spar @)l = ln-

Hence there is a g, GI"\MH such that |lq, <fm+,l~?(q0) and q, Spp4q 4411 =
1,. Set dg =1i,4(d,)q,. For every i 4(p)q € P, ®P, ., set oglipg(P)a) =
in6(0,(P))7(0,(q)). Then o, is an automorphism of Pg and the induction hy-
potheses hold.

Case Il1. Py is the inverse limit of its predecessors. For f € Ps and y<B
define dg(7) = d, and 05(f) () = 0,(f(7)). 0 is an automorphism of Pg and
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dg is an element of Py by the induction hypotheses.

Case 1V. PB is the direct limit of its predecessors. Let i, 4(p) € Py for
some p € P,. Set 0(i,4(p)) = iy5(0,(P)). 0p is an automorphism of Pﬂ. There
is an n < so that i, 5(a(n)) = a(B) and i, z(b(n)) = b(B). Setd; = inﬂ(dn)' O

Subsection 4. Forcing with a class of conditions. Let M = (M, M*; €) be
a countable standard model of Godel-Bernays class-set theory, where M (the sets
of M) and M* (the classes of M) are countable sets. If B isin M a complete Bool-
ean algebra, M(3) will be the universe of B-sets and B-classes constructed in M.
M(B) “satisfies” the axioms of Godel-Bernays class-set theory.

Now suppose that the discussion of the preceding subsection took place in
M. In particular, ¢ P, ; @ an ordinal ) and (iﬁa ;B < a) are classes of M.

We now work in M. We leave it to the reader to translate arguments that
seem to involve “classes of classes” to proper class-set theory notation.

Let P,, be the direct limit of the very fine system (P, ;  an ordinal) and
(igy; B < a). For every a let iy, be the canonical embedding of P, into P, and
let m,, be the associated projection defined so that for every § and p € Pﬁ,

T o(igee (D)) = g, (D) if B> @, and ., (i .(P)) = igo(P) if B <.

Propositions 10 to 13 extend to the case of P,,. For example let v be an
ordinal. Then there is a class P, of M(B”) and an isomorphism e, of P, with
P, ® P,... The latter posetis constructed using the class version of the @-oper-
ation, as is the embedding k,,, of P, into P, ® Pyw. In M(B”), the P,,’s for
a > v and the jpa’s for v < § < a constitute a very fine system with P,,, being
the direct limit of the P,,’s. If for every @ > v, Ppy 4y is A-closed in MB and
if for every cardinal » > v so that P, is the direct limit of its predecessors, A <,
then P, is Aclosed in M(B”) (similarly for A-directed closure).

Let G be an M-generic subset of P,, (in addition to the usual conditions on
G, we require that A N G # & for every class 4 of M that is a dense subclass of
P.). Then e, [G] is an M-generic subset of P, ® Pye» G, = P EP,: i (D)
€ G} is an M-generic subset of P,,and G, = {iu(cv)(q): kye(1,)q € e, [G]}
is an M[G,] generic subset of iU(Gv)(Pu,) [cf. Proposition 6 and remarks pre-
ceding it]. Let M[G] = {x: there is an a in M so that x is a set of M[G,]}.

14. PROPOSITION. Suppose that for every ordinal o there is an ordinal
Ny > @ 50 that in M®1, P oy is &eclosed. Then M[G] is a model of ZFC.

ProoF. Note that M[G] is the directed union of transitive models of ZFC.
Hence only the power set and replacement axioms are unclear. Moreover we may
prove the replacement axiom in the special case when the “domain” is an ordinal.
Let (g, - « - » Vp» Vpt1s V4 2) be a formula of ZF, and let x,, . . . , x,

and k be elements of M[G] so that M[G] E (Va €k) (3! xX)d(xq, . - - » X, @, X).
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Let f be the function with domain k so that for every a < k, M[G] =
¢(xgs -+ -5 X,, @, f(@)). We will show that f is in M[G].

For simplicity set v=1n,,N=M[G,],H=G,.,i= iv(Gv)’ and P: =
i(P,). Forv<p<a,define g, = i(jge)s K%, = i(Hog), and Py = i(Pyg) [cf.
Proposition 11].

P% is the direct limit of the very fine system (P} ; @ > v) and (jp‘a; v<
B <a). It will prove convenient (but not necessary) to assume that P2 is the
“union” of the P2’s and that the j ;a ’s are restrictions of the identity. For every
a>vlet u%  be the projection of P% onto P}, ie., forall f>vandp €P 3
pEo(P) = uf(p) if B> aand pud(p) =pif f<a.

Since P2 is the direct limit of the fine system of posets ( P3 ; a > v), for
every a >v the set Hy = HN PP; is an N-generic subset of Py and n[H,] =
MIG,].

Define Kj; on the sets of N by induction on their rank so that Ky(a) =
{Ky(®): (3p EH) (b, p) € a)} for every a a set of N. Let N[H] = KyIN],
where N is the class of all sets of N.

We now adopt (without explicitly defining) the terminology of Shoenfield’s
paper on unramified forcing [9] and assume that the reader is well acquainted
with this paper and especially with the section on Easton forcing. We will define
the forcing relation with respect to Px.

Define A on every set b of N by induction on the rank of b so that A(b) is
the least a > v with the property that for all 2 € Ra(b) and p € Do(b) N Pa,
A@<aandp € PY. Foraand b in N set A(g, b) = max(A(a), A(D)). For
every b a set of N, A(b) is an ordinal a so that all the p’s referred to in b appear
in P}. Note that for A(b) < &, Ky(b) = K Ha(b)’ where K H, is (as in Shoen-
field) defined analogously to K. Then for a > v, K H, [Nl =N[H,] = {x:x
is a set of N[H,] } and N[H] = U ey NIH,]. It follows then that N[H] =
M[G].

If ¢ is a formula of the forcing language, then *“p II-&—” asserts that “p
weakly forces ¢ with respect to P: ",

Now leta, b €N and a = A(g, b) and p € P% . Define p |F*a € b iff
ut (p) I a€b,and p I a # b iff p%,(p) IHg a # b. [Note that | would
be the same for any § = a.]

As in Shoenfield, define p [F* ¢ for ¢ a formula of the forcing language and
p € P¥ by induction on the complexity of ¢. Define p I— ¢ iff p P~ ~~ ¢.
The definability, extension, and truth lemmas are proved as in Shoenfield. In the
proof of these lemmas use the fact that P is the direct limit of the fine system
of the P} ’s.

Let Xy, . . . , X, be names in N for xy, . . . , X, respectively (recall that
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M[G] = N[H]). Fora<kletD, = {pEPL: (3z) (p I @x¢@, x) —
¢(@, 2)))}. For every a <k, D, is an open dense section of PL. Since P} is
k-closed, D = (), D, is also an open dense section of P%. So thereisap €
H N D such that p = (Va €k) (3!x)$(Xg, - - - 5 X, @, X).

For every a < k let g(@) be such that p [— ¢(, g(a)). Thereisa > v
such that A(g(a)) <6 for all @ <k. Then f(a) = K,(g(@) =K Hﬁ(g(a)) for all
a<k. Since gisin N, fis in N[Hg], hence in M[G]. It is now clear that the
replacement axiom holds in M[G].

A similar argument using the k-closure of P% would show that every sub-
set of k in N[H] lies in N. Using this and the fact that the M[G,]’s satisfy the
axiom of choice, it is easy to see that the power set axiom holds in M[G]. O

2. Applications of the Silver forcing method. Subsection two contains the
main theorems of this chapter on ordinal definability. In subsection one we con-
sider three technical constructions which will be needed to ensure that every set
is ordinal definable and the G.C.H. holds in suitable Cohen extensions.

Subsection 1. Technical backward Easton constructions. The Beth function
2 is defined on the ordinals by induction on a so that for a = 0, 3(a) = w; for
a=p+1,3() =23; for a a limit ordinal, 2(a) = Us<e 3(8). A cardinal
v is a Beth fixed point if 2(v) = v. We use the standard interval notation for
ordinals. For example, if a <, then [a, 8) = {y: a <7y <B}.

If ¢ is either the class of all ordinals or an ordinal greater than zero we say
that (P, ; a € ¢) is a very fine sequence of posets if there is a sequence of maps
(ige; B<S @ €c)so that (P,; @ € ¢) and (ig,; B < a € ¢) constitute a very fine
system.

15. LEMMA. There is a term C(v,, v,) of ZF so that if v < \ are Beth
fixed points, then C(v, \) is a v-directed closed poset with the property that
y@B(CEM) |= (5 and A\ are Beth fixed points and the G.C.H. holds in the inter-
val [5, N)).

PROOF. Let 6(v,) be a term of ZF so that for every cardinal k if 2 > k*
then 0(k) is the poset R with P, = {p: p is a function with domain a subset of
k+ and range a subset of 2* so that |p| <k} and for p, q EPR' 4 <R qifp 2
q; if 2 = k*, then 8(x) = ( {0}; =). In any case O(k) is a homogeneous, k-di-
rected closed poset and VBO ) = 2k = (y*

Let v < X be Beth fixed points. Define by induction on a < A a very fine
sequence of posets ( P,; @ < A) and a strictly increasing sequence of cardinals
(Vs @ < A) so that for every a <A, P, is a homogeneous, »-directed closed po-
set and | P,| and v, are less than 2(v + & + w). The verification of the cardinal-
ity estimates is left to the reader. Homogeneity follows from Proposition 13.
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Case 1. Fora=01letvy, =vand P, =({0};=).

Case 1. Fora=p+ 1let V8 | Py = 0(%;). Set P = Py ® Py
Define v, to be the unique cardinal in [», A) so that y € k= (¥, is the least
cardinal greater than ).

Case 111. For a an inaccessible cardinal > v let P, be the direct limit of its
predecessors and set v, = U g<a Vg- By the induction hypotheses v, = a.

Case IV. For a a limit ordinal that is not an inaccessible cardinal > » let
P, be the inverse limit of its predecessors and set v, = Ugcq ¥5- Set C@, N) =
P,, the inverse limit of the P’s.

We first show that for every a <A, y & F@usr = (®4)"). By the con-
struction ¥ Ba+1) | Vgs1 = (5a)+). By Proposition 11 there is a poset P, ;a
in p8a+1) quch that P, is isomorphic to Py, ; ® P, and yBat)
(Pas 13, 18 Py yclosed). Then VBt | (pEPas1d) g v
(@)))). Since VB is “isomorphic” to the B( Pos12) -relation system

whose underlying set is {x € yCa+1), Ix € yEPata) Il=1g . }[cf. proof
of Case I of Proposition 11], VM = 3, | = G )*). ot

Now suppose that ||The G.C.H. does not hold in [, 5\)Il(B A 08,\- By the
homogeneity of B, [cf. Proposition 13] there is an x € v®2) 5o that [l x is the
least cardinal in [, i) such that 2* # xt|| = IBA‘ But by the preceding para-
graph and the homogeneity of B, there is an & < A such that ||x =P || = IBN
Now use the closure conditions, the essential property of 0(vy), and an argument
similar to that of the preceding paragraph to get a contradiction. O

16. ConsTRUCTION. Let » <X be Beth fixed points so that the G.CH.
holds in [v, \). Let A = {y € [v, \): 7 is a regular cardinal}. Suppose that f:
A — [y, N) is so that

(a) For every y € A4, f(7) is a cardinal with cofinality > .

(b) Forall y<$ in 4, f(7) <f(5).

Forevery 6 €A letQ; = {{7,0a,8): 8> 7€ A, a <f(y),and < 7}.
Let Q = Use,q Q5. SetPp = {p: p is a function, domain(p) C Q, range(p)
C 2, and for all ¥ € 4 |domain(p) N Q,I<7}. Forpand q inP,,setp<pq
ifp 2 q. There is a term E(v,) of ZF so that for every function f with the above
properties E(f) is the poset R = (Pg; <r). For every a <, E(f) is a-directed
closed. The paper of Shoenfield (E( f) is essentially due to Easton [1]) on un-
ramified forcing [9] shows that if the G.C.H. holds in [v, A], then every v € 4,
Yis a regular cardinal and 27 = f(y)" in VEEN),

The remaining material in subsection 1 is relevent only to Theorems 20 and
21; the reader interested in Theorem 18 may skip directly there.

Henceforth cw(v,) will be a term of ZF enumerating in increasing order the
class of all infinite cardinals.
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Before proceeding with the next lemma we recall two constructions involv-
ing Kurepa trees. We use (without explicitly defining) the terminology of Jech’s
article on trees [4].

Let « be an ordinal. We shall define the poset R of Stewart’s conditions
for adding a Kurepa tree on w(a + 1) [13].

Py is the set of all ordered pairs( L, f) with the following properties:

(i) L =A(T;<)is a tree.

(i) TC w(a + 1) so that |T| < w(a + 1).

(iii) fis an injective function with domain a subset of w(a + 2) of cardi-
nality less than w(a + 1). The range of f is a subset of the set of all branches of

L of length B, where B is the length of L.

(iv) For every point x in T there is a branch b in the range of f so that
x €b.

For(Ly,foYand (L, fy)in Py, ( Ly, fo) <p (L, f;)if Ly is an end-
extension of L, if domain (fy) 2 (f;), and if f(8) 2 f,(8) for all § in the do-
main of f,.

Let o(vy) be a term of ZF so that if « is an ordinal, then o() is the poset
R of Stewart’s conditions defined above. o(a) is an w(a)-directed closed poset
so that if the G.C.H. holds, then the cardinals of V are cardinals in V(B(e(®))),
and the G.C.H. holds and there is a Kurepa tree on w(a + 1) in V(B(0(@)),
[The proof of [4] is only for @ = 0. But it extends without serious difficulties
to the more general context.]

Now let a be an ordinal so that there is an inaccessible cardinal greater than
w(a). We shall describe Levy’s condition R for forcing the least inaccessible cardi-
nal k > w(a) to be w(a + 2) in the Cohen extension.

P, = {fCQk x w(@+1) xk: fis a function, | f| < w(a + 1), and for
all (v, 8) € domain(f), (v, 8) € w(y)}. For f, and f, in P'z JJoSphy if
fo 21y

There is a term 7(vy) of ZF so that if « is an ordinal with the property that
there is an inaccessible cardinal greater than w(a), then 7(c) is the poset R de-
fined above. In this case, 7() is w(a)-directed closed. Silver has shown [10]
that if the G.C.H. holds, then in V(B(7(®))) the G.C.H. holds and there are no
Kurepa trees on w(a + 1)".

17. LEMMA. Let v <X\ be Beth fixed points so that |{a € [v,N): ais an
inaccessible cardinal}| = v and (¥ cardinal k <\) 2% = k*). Let A be a sub-
set of v, and let n: v —> v enumerate in increasing order the set of all limit ordi-
nals less than v. There is a term x(v,,v,) of ZF so that for A and v as above,
x(v, A) is a vdirected closed poset and for every v <, ||[There is a Kurepa tree
onw(@+n()+ D=1 B(x(v,4)) if ¥ € A and ||There is a Kurepa tree on
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W@+ n(r) + DI = 0p(y (v, 4y if ¥ EA. Also the G.C.H. holds beneath X" in
B, A)))

ProoF. Define by induction on y < v a very fine sequence of posets
(P,s v <) as follows.
Case 1. Fory =0,let P, =({0}; =).
Case Il. Fory=68 + 1, let

o((v + n(6))) if§ €4,

y(8s) = v v
F oy (@ +n@®))") ifs &A.

Case 1I1. For v a limit ordinal, let P,, be the inverse limit of its predeces-
sors. Set x(v, A)=P,.

We shall make a few remarks on the proof but shall leave the detailed veri-
fications to the reader.

Roughly, the argument needed to establish that the G.C.H. holds beneath A
in &> proceeds by induction on y < » and uses the relevant closure conditions
on the P, ’s [cf. proof of Lemma 15], the usual cardinality arguments on the
P,’s, and the fact that the forcing conditions o(vy) and 7(v,) preserve the G.C.H.
The only difficulty arises when v is a limit ordinal. For this case note that in
V(B”), k= w((v + n(7))") is a strong limit cardinal of cofinality < ¥and hence
2" =Kk". Then use the fact that P, is y<losed.

To complete the outline-proof, fix ¥y <w. If y €A, then yBry+1) E
(There is a Kurepa tree on w((¥ + n(7) + 1)*) and P.,H,, is w(@ + () + 3)")
closed). As in the proof of Lemma 15, it follows that in V By , there is a
Kurepa tree on w((v + n(y) + 1)7). The proof is similar fory € 4. O

Subsection 2. The main theorems. The following result is a generalization
of the main theorem of Easton [1]. The new element in our result is that the
property of supercompactness is preserved.

18. THEOREM. Let M = (M, M*; €) be a countable standard model of
Godel-Bernays class-set theory so that the G.C.H. holds in M. Let I be a class-
function of M from the regular cardinals of M into the cardinals of M so that for
all regular cardinals v <\ in M

(1) cofinality (I(v)) > v and

(2) I(v) <IN
Assume in addition that there is a statement Y and a formula ¢(vy, v,) of ZF
so that Y is true in M and so that M = ((V cardinal v) R(v) E ¥ —I[y] S
and (Va, 8 €7) ([(®) =B <= R(Y) F ¢(a, B)))). [This condition states that in
M, I is A, in the Levy hierarchy.)

There is a class of conditions P, in M so that if N is any Cohen extension
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of M with respect to P, then

(1) Nis a model of ZFC.

(2) M and N have the same regular cardinals.

(3) For every regular cardinal v in N, I(v) = 2" in N.

(4) Every supercompact cardinal in M is supercompact in N.

Proo¥F. Conditions (1) and (2) on I are the usual Easton requirements.
The additional condition on [ is a local definability requirement needed to show
that supercompactness is preserved in Cohen extensions of M with respect to P, .

We work in M. Let e be a class-function enumerating in increasing order the
closed unbounded class F = {a: a is a limit point of the set {8: § = 2 g and
R(B)E ¥}. Fora<BinFlet I,g=1T"][a,p)andset, =1 I a. Note that
for every a in F, @ = 2, and I, is definable in R(a), that is

A (V1<) (V8)U,(M =8 —=R@F QAN RMFE ¥ A¢(,8)).

Define by induction on the ordinal « a very fine class-sequence of posets
(P,; @ an ordinal) so that for every regular cardinal », NGB E @ is a regular
cardinal) and so that in M3, the G.C.H. holds for all cardinals A > e(c)".

Case 1. Fora=0,let P, =({0};=).

Case 1. Fora=g+1,let MCF E (Poa = E(f,(ﬂ)e(a))) [cf. Construc-
tion 16], and set P, = Pg ® Pgo -

Case TII. For a an inaccessible cardinal so that (8 < o) (M®# | Pegs1l
< &), note that e(e) = a and let P, be the direct limit of its predecessors.

Case IV. If a is a limit ordinal and Case III does not hold, let P, be the
inverse limit of its predecessors.

Let P, be the direct limit of the P,’s and let G,, be an M-generic subclass
of P.,. Set N=M[G_] = {x: there is an @ in M so that x is a set of M[G,] }
[cf. remarks preceding Proposition 14].

By Corollary 12 and Proposition 14, N is a model of ZFC.

Note that for every a in M, N is a Cohen extension of M[G,] by means of
a poset which is y-directed closed for every y < e(a). By this remark and by
Construction 16 and routine arguments, N and M have the same regular cardinals
and for every regular cardinal » in N, N = 2¥ = I()).

It remains to show that every supercompact cardinal in M is supercompact
in N. For this we shall need a local definability property of the P’ and a
general observation regarding Cohen extensions.

Fact B. There is a term v(v,) of ZF so that in M, v(a) = P, for every
ordinal a, and for every fixed point @ of e and < &, R(a) F v(f) = PB .

Fact B follows readily from Fact A and from an inspection of the definition
of the P, ’s.
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REMARK C. Let M* C M be countable standard models of ZFC with the
same ordinals so that R(e) N M* € M for every o in M. Suppose that X is a
cardinal in M so that *M* N M C M* and that in M*, Pis a poset with |Pp| <.
Let G be an M-generic subset of P. Then *M*[G] N M[G] C M*[G].

PROOF OF REMARK. Let f € *M*[G] N M[G] and f € M so that K4 (f)
= f [we use Shoenﬁeld’s notation [9]]. There isad € M* and a Py € G so that
inM, p, I f£: 7\ —>d. Let d* be the intersection of all transitive sets b so that
d €b. Thend* e M*.

For every a <Xlet 4, = {p <,py: (3% €d*) (p I-(Q3y) (@) =y)
— y =x))}. A, is adense subset of Pbeneath p,. Let g be a function so that
domain (g) = {{a, p): @a<Aand p €4,} and so that for (@, p) in the do-
main of g, p I ((3¥) (@) =») —y = g(@, p)) and g(o, p) €d*. By our
assumptions on M, M*, and P, g€ M*. Routine arguments show that for every
a<\ A, NG+ & and for every p€EA, NG, K;(g(e, p)) = f(@). Then fE
M*[G]. O

Now suppose that k is supercompact in M.

We first show that k is in F. It will then follow by the inaccessibility of k
that in fact e(x) = k. We work in M. Let § > k be so that ng =fand R(B) E
¥. Let u be a normal measure on p, fand j: M — j(M) = V" "6/:1 the associated
embedding. By the remarks in §0, j(M) is closed under B-sequences and j(k) > 8.
Since 35 = B, it follows that R(B) € j(M) and that j(M) F (R(8) = ¥ and P =
B). Soxf"(B x €P,B)’ =B, then R(B,) E ¥, 3, =p,,and B, <k ae.
with respect to u. Now note that by the k-additivity “of U, Kk is the least ordinal
so that B, <k a.e. with respect to . It follows that k is in F.

LEMMA. « is supercompact in N.

PROOF. Our proof is fairly general and depends only on the closure prop-
erties of the P,’s and on Fact B.

Let k <¥' <v <X <X be fixed points of e.

Working in M let u be a normal measure on pK)\ and j the associated ele-
mentary embedding of M into j(M) = a~ g /u By the discussion in §0, we have
that Xj(M) € j(M), R(\' ) EJ(M), and j(k) > \'. Let u' be the projection of u
on p,v'. Recall that 4’ is a normal measure on p, ¥' so that for every 4 C p, V',
HA) = 1iff j[)'] €j(4).

To facilitate the understanding of the proof we first give a preview. Since
in M, P is a limit of a very fine sequence of posets, in j(M), j(P,) is also a limit
of a very fine sequence of posets. Now the P,’s are “locally definable”, and M
and j(M) have the same X'-sequences. It follows by an application of Propositions
11 and 12 to j(P,) in j(M ), that in the terminology of these propositions, iM)
F [There is a Py, € 7(M)®N with an isomorphism d: j®)— P, 8P i)
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and ](M)(B") E(Px j(vy is v-directed closed for every ¥ <A")].

Now let i be the interpretation of j(M) B with respect to U(G, ) [cf. dis-
cussion preceding 6]. Since in j(M) [G,], z(PA j(v)) is @ y-directed closed poset
for every y <, it is also the case that i(P;' j(v)) is @ 1-directed closed poset for
every Y<Xin M.

Using this closure property of i(P,\ j(v))» We shall choose, in a manner to be
descnbed below, an M[G, ]-generic subset H of t(P,\ jw)) S0 that if H *=

d~'[G, ®H] Cj(P,), then j[G,] C H*. This will allow us to define in M[G,]
* [H] an elementary embedding k: M[G,] — j(M) [H *] extending the embedding
j: M— j(M) as follows:

® k(Kg () = Ky ().

In verifying that (*) gives a well-defined map we shall need the fact that
forevery p€G,, j(p)EH". *. To establish this fact we shall use an important idea
of Silver to show the existence of a single master condition ¢ € P,\ (v) S0 that if
H is any M[Gh] -generic subset of 1(PM(,,)) with i(q) € H, then j [G ]CH*=
d-! G, OH ]. Silver uses a variant of this idea to prove the consistency of the
failure of the G.CH. at a measurable cardinal.

The embedding k does not lie in M[G,]: since M[G,] F (G, is an M-generic
subset of P,), then k(M[G,]) E (k(G,) is a k(M)-generic subset of k(P,)). But
k(P,) = i(P,) > P, ® B

Finally we shall define by means of k a set u* so that in M[G,], u* is a
normal measure on p, v’ extending u’. Since u* is definable from k and k lies in
MIG\1[H], u*isalso in M[G,][H]. But then u* is already in M[G,] because
MI[G,\1[H] and M[G,] have the same v-sequences.

We now proceed with the proof. Since in M, {v(a); a < v) is a very fine se-
quence of posets, it follows that j(M) = ({v(a); @ <j(¥)) is a very fine sequence
of posets). For f<a <j()inj(M), let u(@) = P; and let i;; be the canonical
embedding of B(P; ) and %, the associated projection. Since R(A) € (M), Fact
B shows that for f<a <A, Py = Py, if =iy, and ng = M. Note that
j(P,) = Pji,y Inj(M) there is an isomorphism d: Piwy = Pa ® PX i) Where
in j (M)(B Y , Py i 1s v-directed closed for every v < e(\).

In ](M) letf= IBAB( 29 j(wy) [cf. remark preceding 1], and let i be the

interpretation of ](M) A with respect to the M-complete ultrafilter U(G,) on

B,. Note that if f(p)q € P, ® Py and p € Gy, then i(f(p)q) = i(q)-

Fix s € P,. Since P, is the direct limit of its predecessors, there is an a <
k and an s, € P, so that m,, (s) = iy, (so). Since P, C R(k),j(so) = S, and so
1%,) j(,‘)( ) = ig;-(,‘)(so). [To ensure that this be true is the only reason for
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taking the direct limit at certain limit stages of the construction.] It follows that
d(i(s)) = £ (ix»(50))s, for some s; € Py;,. If in addition, s € G, then
i\ (59) € G and i(d(j(s))) = i(s,).

Now note thatj t P,isin j(M). Inj(M) [G,] define 4 = {i[d(j(5))): s €
G,}. From the preceding paragraph and the fact that G, is a directed subset of
P, it follows that in j(M) [G,], 4 is a directed subset of i(Py;,,) of cardin-
ality less than A. Hence there isaq € PA j(v) S0 that i(q) <a foreverya €4
in the poset ordering of i(Py ; i)

Let H be an M[G, ]-generic subset of i(Py j(v)) S0 that i(q) € H. Then G,
®H={f(p)g:p€ G, and i(q) GH} is a j(M)-generic subset of Py ® PM(,)
so that j[G,] Cd~'[G, ® H] =

By Remark C, % (M) [G\]n M[G,\] Cj(M) [G,]. Hence i(Px i) 18
7-closed in M[G,] for every ¥y <. Then R(») N M[G,] = R(») N M[G,] =
R@) N MIG,] [H].

Define in M[G,] [H], an elementary embedding k: M[G,] — j(M) [H*]
so that k(KGv(x)) = Ky+(j(x)) for every x € M. It is easy to see that k is a
well-defined elementary embedding. For example let ¢(v, . . ., v,) be a formu-
la of ZF and x,, . .., x, € M[G,] so that M[G,] F ¢(x,, . .., x,). There is
ap€G, so that p "P_,, $(Xg, - - « » X,) Where KGv(xm) =x,, forallm<n.

Then in j(M), j(p) ;'%p_) ¢ (i(xg), - - - »J(x,)) and j(p) € H*. It follows that

IMH*T E ¢kGxo), - - - 5 kCx,)).

We show that k extends j. For every poset P let P be the operation de-
fined on every set x € M by induction on the rank of x so that XP = {(p, yP):
y €Ex and p € Pp}. Then if G is any M-generic subset of P, K;(xP) = x for
every x € M. In particular, for every x € M,

k(x) = k(K g (™)) = Ky «(1(3) = Kpyo () TP = ).

Define a measure u* on the subsets 4 of p,»' in M[G,] so that p*4) =1
iff j[v'] € k(4). Clearly u* lies in M[G,] [H]. Since k extends j, u* extends
¢'. Also p*isin M[G,] since it is an element of R(v).

We claim that in M[G,], u* is a normal measure on p,v'.

To see that u* is k-additive let § <k and let (4, ; a < &) be in M[G,] a se-
quence of sets so that u*(4,) = 1 for all « <§. Set B =) a<s Ao - Now
k() =j(6) =& since § <« and j fixes every ordinal less than k. Hence k(B) =
N 4<s K(A,), and j[v'] € k(B) because j[v'] € k(A,) for all @ < 8. So u*(B)
=1.

Now fix @ <»'. To see that if in M[G,],4 = {x EP v": @ Ex} then
H*A) = 1, note that in kK(M[G,]), k(4) = {x € py (,)k('): k(e) Ex}. But
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17/[V']1 = v and k(x) = j(x) > X' > »'. Hence j[V'] € k(4) and u*4) = 1.

Finally we must show that in M[G,], if f: p,¥' — ¢ is so that the set 4 =
{x €Ep,v': f(x) € x} has measure one with respect to u* then for some a < ',
u*({x Ep,v': f(x) = a}) = 1. Note that in k(M[G,]), k(4) = {x € pk(,‘)k(v'):
k(f) (x) € x}, and that since j[V'] € k(4), k(f) (j[']) €j[V']. So there is an
a €' so that k(f) (i[v']) = ka. It follows that in M[G,],

u(x Ep v fO) =ap) = L.

This concludes the proofs of the claim, lemma, and theorem. O

The concept of ordinal definability is originally due to Godel. Myhill and
Scott rediscovered it, and we refer the reader to their paper [6] for a detailed

exposition and relevant results.

The transitive closure of a set x, Tc(x), is the intersection of all transitive
sets A so that x € A. x is ordinal definable if there is a formula ¢(v,, ..., v, ,)
of ZF and ordinals ay <+ ** <a, < so that R(B) = (3! v)d(ags - - - » @5 V)
A ¢y, . .., @, x)). x is hereditarily ordinal definable if every element of
Tc(x) is ordinal definable. There is a sentence, ¥ = HOD, of ZF which asserts
that every set is hereditarily ordinal definable.

The definable well-ordering of all pairs of ordinals due to Godel gives rise
to a term (v, v, ) of ZF so that for every cardinal », # [ (¥ x ») is a bijection
from » x v onto ».

Suppose that » is a Beth fixed point, A4 is a subset of », and f is a bijection
from v onto R(¥) so that for every (B, @) € v x v, f(B) € f(a) iff (B, @) € A.
For such 4 and » we write “4 ~ R(¥)”". An argument by induction on the well-
founded relation S, = {(B, @) €v x v: n(B, @) € A} on v establishes that the
function ¢, from » into R(v) defined so that for every a € v, ¢, (a) = {t,(B):
(B, @) € A} is precisely the function f. Then if 4 is ordinal definable, ¢, and
hence every element of R(v) is ordinal definable.

If k is a supercompact cardinal then a class-sequence # = {u,: A is a Beth
fixed point > k) is a class-sequence of coherent measures for « if for every pair
of Beth fixed points A = v >k, , is a normal measure on p, A and p,, is the pro-
jection of u, on p,v, ie., for every A C p, v, ,(4) = 1 iff yy(&x Ep i x N
vEAD =1

Suppose that k is supercompact and that 4 > k is an inaccessible cardinal.
Let u* be a normal measure on p, v and let u = {(,, N): A is a Beth fixed point
in [k, 7) and g, is the projection of * on p,A}. Then A = (R(7), R(y + 1);
€) is a model of Godel-Bernays class-set theory, and in A, p is a class-sequence of
coherent measures for k.

Solovay has shown (unpublished) that if k is supercompact with a class-se-
quence of coherent measures, then there are cardinals k’ < A" <k so that X' is
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inaccessible and R(\') k= k' is supercompact.

19. LEMMA. Let k be a supercompact cardinal with a class sequence p of
coherent measures. For every Beth fixed point X 2k let j\: V— j, (V) =
Vp" / u, be the elementary embedding of the universe associated with My. There
is a well-ordering W of the universe so that for every Beth fixed point \ 3 k, the
set Wy = W N R(N) is a well-ordering of R(A) so that j,(Wy) N R(A) = W,, and
50 that R(X) is an initial segment with respect to W, that is, (vx) (V) (x €
RN andy € R(\) — (x, y) EW).

PrOOF. For the remainder of this proof let » and A range over the Beth
fixed points.

Select a well ordering W, of R(x) so that for every » < k, R(¥) is an initial
segment of R(k) with respect to W,. For every A >k let W, = j, (W,) N R(}).
Since j, (V') is closed under A-sequences, W, is a well ordering of R(A) with the
property that for every » <A, R(v) is an initial segment of R(A) with respect to
Wy. Since (Vx € R(k)) (x € W, <> x € W,), /,(V) E (VX € R(j,(k)))

& €/\(W,) <> x €,(W,)). Hence j,(W,) N R(N) = W,.

Now fix k <v» <A. There is an elementary embedding k: j (V) — j (V)
so that k o j,, = j, and so that for every x € R(v + 1) k(x) = x. Then W, =
k(W,) = k(j,(W,) N R®)) = j,(W,) N R®) = W, N RE).

Set Ww=U,5, W,. O

For the next two theorems let M be a countable standard model of Godel-
Bernays class-set theory so that k is a supercompact cardinal in M and p is a class
sequence of M of coherent measures for k. We will work in M. “p” and “A”
and subscripted versions thereof will range over the Beth fixed points of M. For
A >k, iy, jp, W, and W will be as in the preceding lemma.

20. THEOREM. There is a Cohen extension N of M so that N is a model
of “ZFC + V = HOD” and K is supercompact in N.

ProorF. First a definition. Suppose that v is a Beth fixed point and 4 €
v. Define the function f on the set {y: Qa<v) (y= w@ + a + 1))} so that
foreverya <y, f(lw@p+a+1)=w@+a+3)ifa €4 and f(wE + a + 1))
=w@+a+2)ifa & A There is a term of ZF, E‘(vo. v,), so that for 4, v,
and f as above E *(v, A) = E(f) [cf. 16].

Work in M. Let e be a class-function enumerating in increasing order the
Beth fixed points.

Define by induction on the ordinals a very fine sequence of prosets { P,;
a an ordinal) so that for every a and B, | P,| < e(a + 2), and e(B)” is a Beth
fixed point in M Ba)
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Case 1. Fora=0,let P, =({0}; =).

Case II. For o = B +11et R be such that in ME#, R = C(e(B)", e(@)").
Let A be the W-least set so that in MEP6®®Y 4 ~ R(e(8)"). Then define in
MEPe®R) ) E*(e(B)", A), and set Pg+1 = (Pg BR)BL.

Case III. For a an inaccessible cardinal, let P, be the direct limit of its
predecessors.

Case IV. For a a limit ordinal that is not an inaccessible cardinal, let P,
be the inverse limit of its predecessors.

Let P, be the direct limit of the P,’s and let G, be an M-generic sub-
class of P_,. Define M[G,] and M[G.] = N as before [cf. 18 and remarks
preceding 14]. By the closure properties of E(v,) and hence of E *(vo, v,), by
10 and 12, and by 14, N is a model of ZFC.

Fora =g+ 1, M[G,] F (there is a subset A of e(f) so that A ~ R(e(B))
and so that for every v < e(B), ¥ € 4 iff 2°CE*TYH) = e(B) + v+ 3). It
follows that in M[G,] every element of R(e(B)) is hereditarily ordinal definable.
By the closure properties of E(v,) and by 10, 12, and 14, N N R(e(®)) =
M[G,] N R(e(a)). Hence in N every element of R(e(B)) is hereditarily ordinal
definable. More generally, N = (V = HOD).

One shows that k is supercompact in N by an argument analogous to that
of the proof of Theorem 18. One uses the normal measure My on pK)\', the fact
that j,«(W,») " R(\') = W, and the following “local definability” property of
the P,’s which is analogous to Fact B of 18:

Fact B. There is a term v(vg, v,) of ZF so that if a is a fixed point of e
and § < a, then v(3, W N R(a)) = Pg and (R(@); € W N R(@)) Fv(B, WN
R(@)=P;. O

Now suppose that in addition to the other properties of M, M has a proper
class of inaccessible cardinals.

21. THEOREM. There is a Cohen extension N of M so that N is a model
of “ZFC + G.CH. + V = HOD” and « is supercompact in N.

PrROOF. For a coding device we use the term x(v, v,) of Lemma 17. This
is the reason for the requirement that there be a proper class of inaccessibles in M.
The proof is otherwise identical to the proof of Theorem 20. We only describe
the relevant class of forcing conditions.

Work in M. Let e be a class-function enumerating in increasing order the
closed unbounded class {v: v is a Beth fixed point so that |[{a <»: a is in-
accessible }| = v}.

Define by induction on the ordinals a very fine class-sequence of posets
(P,; aan ordinal) so that for every a and B, | P,| < e(a + 2), and e(B)" is a
Beth fixed point in M(B o
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Case 1. Fora=0,let P, =({0};=)-

Case 11. Fora =g + 1, define in M®#, R = C(e(B)", e(@)"). Let A be
the W-least set so that MCP88®) & (4 « R(e(8)")). In MEPEERY 1oy | =
Xe(B)", A). Set Py, = (Ps®R)S L.

Case Ill. For a an inaccessible limit of inaccessibles, let P, be the direct
limit of its predecessors.

Case IV. For o a limit ordinal that is not an inaccessible limit of inacces-
sibles, let P, be the inverse limit of its predecessors. [
Theorems 20 and 21 translate by the usual methods to consistency results.
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